LORENTZIAN SIMILARITY MANIFOLD 



YOSHINOBU KAMISHIMA 

Abstract. If an m + 2-manifold M is locally modeled on R™+^ 
with coordinate changes lying in the subgroup G = R™"''^ x (0("^ + 
1, 1) X R+) of the afRne group Aim + 2), then M is said to be a 
Lorentzian similarity manifold. A Lorentzian similarity manifold is 
also a conformally flat Lorentzian manifold because G is isomorphic 
to the stabilizer of the Lorentz group PO(to + 2, 2) which is the 
full Lorentzian group of the Lorentz model 5'^"+^'^. It contains a 
class of Lorentzian flat space forms. We shall discuss the properties 
of compact Lorentzian similarity manifolds using developing maps 
and holonomy representations. 



1. Introduction 

Let A(m + 2) = ]R""+2 ^ GL(m + 2,R) be the affine group of the 
m + 2- dimensional euchdean space M'""'"^. An m + 2-manifold M is an 
affinely flat manifold if M is locally modeled on M™'"'"^ with coordinate 
changes lying in A{m + 2). When M™'"'"^ is endowed with a Lorentz 
inner product, we obtain Lorentz similarity geometry 

Simi(R™+2) = ^ + 1, 1) X M+) 

as a subgeometry of A{m + 2). If an affinely flat manifold M is locally 
modeled on Simi(]R™"'"^), then M is said to be a Lorentzian similar- 
ity manifold. Lorentzian similarity geometry contains Lorentzian flat 
geometry (E(m + 1, 1), M™+2) ^j^g^g E(m + l,l) = M™+2 x 0(m + l,l). 

Theorem A. If M is a compact complete Lorentzian similarity man- 
ifold, then M is a Lorentzian flat space form. Furthermore, M is dif- 
feomorphic to an infrasolvmanifold. 

Theorem A is proved as follows (cf. Section [2]); The fundamental 
group vri(M) of a compact complete Lorentzian similarity manifold M 
is shown to be virtually solvable. Then we prove that vri(M) admits a 
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nontrivial translation subgroup. Using these results, M will be a com- 
pact complete Lorentzian flat manifold. In particular, the Auslander- 
Milnor conjecture is true for compact complete Lorentzian similarity 
manifolds (cf. |18]). 

Let (PO(m + 2, 2), S""^"*"^'^) be conformally flat Lorentzian geometry. If 
a point do G S"""*"^'^ is defined as the projectivization of a null vector 
in ]R"^+^, the stabilizer PO(m + 2,2)db is isomorphic to SimL(M'"+^) 
for which there is a suitable conformal Lorentzian embedding of M*""*"^ 
into 5'"*"'"^'"'^ — {ob} which is equivariant with respect to Simi;,(M™'+^) = 
P0(m-|-2, 2) do (cf. [12]). In contrast to conformally flat Riemannian ge- 
ometry, M™'"'"^ is properly contained in the complement S"^~^^'^ — {ob} 
(cf. [1]). A Lorentzian similarity geometry (Simi(]R'"+^), M™+^) is a 
sort of subgeometry of conformally fiat Lorentzian geometry (PO(m + 
2,2),^™+!'!). 

In general, the structure group of a conformally flat Lorentzian man- 
ifold belongs to 0(m + 1, 1) x R+. Let Sim*(M'") = x (0(m) x M*) 
be the similarity subgroup of 0("^ + 1, 1). 

Take a subgroup Sim*(M™) x R+ in 0{m + 1,1) x M+. We call M a 
conformally flat Lorentzian parabolic manifold if the structure group is 
conjugate to a subgroup of Sim*(]R™') x M"*". (See Definition 14.11 ) In 
Section H] we prove (cf. Theorem 14. 5p 

Theorem B. Let M be an m + 2-dimensional compact conformally 
flat Lorentzian manifold whose holonomy group is virtually solvable in 
SimL(]R™~'"^). Then M is either a conformally flat Lorentzian parabolic 
manifold or finitely covered by the Lorentz model x S"^~^^ , a Hopf 
manifold 5''^+i x , or a torus T"*"*"^. 

For m = 2n, there is the natural embedding U(?7, + l, 1)— ;'0(2?7, + 2, 2) 
so that (U(n + 1, 1), x S^^+i) is a subgeometry of (0(2/2 + 2, 2), x 
S2n+iy Here x S^^+i is a two-fold covering of S^^+^'i. A 2n + 2- 
dimensional manifold M is said to be a conformally flat Fefferman- 
Lorentz parabolic manifold if M is uniformized with respect to {\J{n + 
1,1), 5*^ X S*^""*"^). (Compare |15].) We study which compact con- 
formally fiat Fefferman-Lorentz parabolic manifolds are the quotients 
of domains of — {ob} by properly discontinuous subgroups of 

PO(m + 2, 2)db in Section [61 See [H] for a related work. 

Theorem C. Let M be a 2n + 2 -dimensional compact conformally 
flat Fefferman-Lorentz parabolic manifold and 

(p,dev) : (7ri(M),M)^(U(n + l,l)~,Rx ^^n+i) 

the developing pair. Suppose that the holonomy group T is discrete in 
U(n + 1, 1)~. // the developing map dev : M^S'^'^'^^'^ misses a closed 
subset which is invariant under M and T, then dev is a covering map 
onto its image. 



For noncompact complete Lorentzian case, i.e. , properly discontin- 
uous actions of free groups on complete simpUy connected Lorentzian 
flat manifolds, see [1], [lO], [1] for details. 

2. Lorentzian similarity manifold 

Consider the following exact sequence: 

(2.1) 1^R"+^ X M+^SimL(M'"+2) ^ o(m + 1, 1)^1. 

Lemma 2.1. Let M = M^+^/F be a compact complete Lorentzian sim- 
ilarity manifold where F < Simi(R'^"'"^). Suppose that P(F) is discrete 
in 0{m + 1, 1). If A = ^ p y, then A < M™+2 yjhich is 

nontrivial. 

Proof. Since -P(F) is discrete, it acts properly discontinuously on the 
m + 1-dimensional hyperbolic space HJ^"'""^ = 0{m + 1) x 0(1)\0('^ + 
1,1). The (virtually) cohomological dimension vcd of -P(F) satisfies 
vcd(P(F)) < m + 1. On the other hand, the cohomological dimension 
cd(F) = m + 2, the intersection A of (12. ip is nontrivial. Let 

be the exact sequence. If p{A) is nontrivial, then we may assume that 
there exists an element 7 = (a. A) G A such that ^(7) = A < 1. A 

calculation shows 7" = (- —a. A") (Vn G Z). The sequence of the 

1 — A 

orbits {7" ■ 0; n G Z} at the origin G R"*"*"^ converges when n— t-oo, 
7"-0 = ^^a + A"-0 = ^^a- ^ 



1 - A 1 - A 1 - A 

As A acts properly discontinuously on M"^"*"^, {7"; n = 1,2,...} is a 
finite set. Since A is torsionfree, 7 = 1 which is a contradiction. So 
p(T) must be trivial. 

□ 

Proposition 2.2. Let M = M^+^/F be a compact complete Lorentzian 
similarity manifold. Then F is virtually solvable in Sim2,(M"*^^). 

Proof. (1) When P(F) is discrete, we obtain the following exact se- 
quences from ( 12. ip . 



1 > R'"+" > Simi(R'"+") — ^ 0(m + l,l) x R+ > 1 

1 y A > r — ^ L(r) y 1 

If A = Z*^, then the span of A in is normalized by F. Let 

( , ) be the Lorentz inner product on M'""'"^. The rest of the argument 
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is similar to that of [TT]. In fact, L(r) of (12.21) induces a properly 
discontinuous affine action p on ]R'"+2-fc -^j^j-^ g^ite kernel Ker p: 

p : L(r)^Aff(M™+2-fc^)_ 

(Compare Lemma [3. 11 ) If necessary, we can find a torsionfree normal 
subgroup of finite index in p(L(r)) by Selberg's lemma. Passing to a 
finite index subgroup if necessary, the quotient M'""'"^~'^/p(L(r)) is a 
compact complete affinely flat manifold. 

Suppose that ( , ) Ijjk is nondegenerate. According to whether ( , ) 
is positive definite or indefinite, ]R'"+2-'=^ p(L(r)) is a compact complete 
Lorentzian similarity manifold or Riemannian similarity manifold re- 
spectively. 

If M'^+^~^/p((L(r)) is a Lorentzian similarity manifold, by induction 
hypothesis, L{T) is virtually solvable. When W^+'^-^ / p{{L{T)) is a Rie- 
mannian similarity manifold, i.e. p((L(r)) < Sim(R'^'^^~'^) which is an 
amenable Lie group, a discrete subgroup p((L(r)) is virtually solvable 
by Tits' theorem. (Compare [18]. Furthermore, W^~^'^~'^ / p{{L{r)) is a 
Riemannian fiat manifold by Fried's theorem [7].) In each case, F is 
virtually solvable. 

If ( , ) is degenerate, then M'^ = R consisting of a lightlike vector 
as a basis. The holonomy group L{r) leaves invariant R. The sub- 
group of 0(m + 1, 1) X M"*" preserving R is isomorphic to Sim*(M'^) x 
M"*" = {W^ X (0("^) X M*)) X ]R+ which is an amenable Lie group. As 
L(F) < Sim*(M'") x M+, L(F) is virtually solvable so is F. 

(2) When P(F) is indiscrete, it follows from [20l Theorem 8.24] that 

the identity component of the closure -P(F) is solvable in 0(m -|- 1, 1). 
It belongs to the maximal amenable subgroup up to conjugate: 

P(r)° < X (0(m) X R*). 



It is easy to check that the normalizer of -P(F) is still contained in 
MJ^ X {0{m) X M*) because the normalizer leaves invariant at most two 
points {0, oo} on the boundary S"™ = dM^^^ for which 0(m + l, l)oo = 
W X (0(m) X M*). Hence P(F) < x (0(m) x M*). There is an 
exact sequence induced from (12. ip : 

^ k+^p-1(k™ ^ (o(m) X R*)) M™ X (0(m) x M*)^l 

in which P~'^(R'" x {0{m) x R*)) is an amenable Lie subgroup. Hence, 
F is virtually solvable. 

□ 
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Proposition 2.3. Let M be a compact complete Lorentzian similarity 
manifold W^'^'^/T. Then M is diffeomorphic to an infrasolvmanifold 
U/T. 

Proof. As r < XI {0{m + l,l) x R+) is a virtually solvable group, 

take the real algebraic hull A{r) = U -T where t/ is a unipotent radical 
and T is a reductive rf-subgroup such that T/T° is finite. Then each 
element r = u ■ t E U ■ T acts on f/ by 7X = utxt~^ {x G U). It 
follows from the result of |2] that F acts properly discontinuously on 
U such that U/T is compact. Furthermore U/T is diffeomorphic to an 
infrasolvmanifold by [2], Theorem 1.2]. 

Since U/T is compact, we choose a compact subset D G U such that 
U = r ■ D. As F acts properly discontinuously on M*""*"^ and U ■ T < 
]^m+2 ^ (o(^« + 1, 1) X M+), it is easily checked that U acts properly 
on M'"+^. Since T is reductive, we may assume that T • = G M™"*"^. 
Define a map; 

p : f/^M'"+^ p(x) = X ■ 0. 

Noting that U acts freely on M™""^^, p is a simply transitive action. For 
7 = n ■ t G F, 7X = utxt~^ as above. Then p{'yx) = utxt~^ ■ = 
utx ■ = 7p(x). So p is F-equivariant, p induces a diffeomorphism on 
the quotients; U/T = M™+VF. 

□ 

Proposition 2.4. T/ie fundamental group T of a compact complete 
Lorentzian similarity manifold ]R™+^/F admits a nontrivial translation 
subgroup. In particular, the fundamental group of a compact Lorentzian 
flat space form admits a nontrivial translation subgroup. 

Proof. Let Fq be a finite index solvable subgroup of F and A(Fo) = 
U ■ T the real algebraic hull for Fq as above. Let L : Fq— !'//(Fo) be 
the holonomy homomorphism as in (12. 2p . As the real algebraic hull 
for i^(Fo) can be taken inside 0{m + 1, 1) x M+, L extends naturally 
to a homomorphism L : 74(Fo)— )-v4(L(Fo)). We have the following 
commutative diagram: 

^ SimL(M'"+2) + 1, 1) X M+ 



(2-3) A(Fo) ^(^(ro)) 

Fo L(Fo). 

Suppose that R'"'^^ fl Fq = {1} so that L : To^L(To) is isomorphic. 
Then L : A{Tq)^A{L{To)) is also isomorphic (cf. [2]). Since A{To) = 
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U ■ T, this implies A{L{To)) = L{U) ■ L{T). If we note that A{L{Vq)) 
is a solvable real linear algebraic group in 0(^ + 1, 1) x M"*^, it follows 

(2.4) ^(^(ro)) < (K™ X (T^' X M*)) X R+. 

Here is a maximal torus in 0(m) for which x M* acts on M"* 
as similarities. As L{U) is a connected simply connected unipotent 
Lie group, it follows L{U) < R'" x M+. Thus, dimL(t/) < m + 1. 
On the other hand, U /Tq is an m + 2-dimensional compact aspherical 
manifold, we note that RankFo = dim?7 = m + 2. This contradicts 
that L : ro^L(ro) is isomorphic. Therefore M"*+2 n Tq < M™+2 n T is 
nontrivial. 

□ 

Proposition 2.5. Every compact complete Lorentzian similarity man- 
ifold is a Lorentzian flat space form. 

Proof. Consider the exact sequences: 

1 > E(m + l,l) > SimL(M™+2) ^+ ^ ^ 

(2.5) I I 

1 > Vi > V q{V) > 1 

where Fi = E(7ti + 1, 1) fl F. It is enough to show that g(F) is trivial. 
Suppose that there exists an element 7 = (a, \A) G F such that 

q{i) = A < 1. 

By Proposition [231 let M™+2 n F = for some ^ > 1. 
Let ( , ) be the Lorentz inner product on M™"*^^ as before. 

(1) Suppose £ > 1. Then there exists a vector n G such that 
(n, n) 7^ 0. Calculate 

7^7"^ = (a,AA)(n,J)(-A-^a,A-M-^) = {XAnJ) 

so that 7^^77,7"'^ = (A'^A'^n, /). Take a sequence of orbits at the origin 
l^fc^^-fc . 0; A; = 0, 1, 2, . . . } in ^s 7^n7-*^ ■ = X^A^n, it follows 

{\^A''n,\^A^n) = X^'' {A'^n, A^'n) = X^''{n,n)^0 (k^oo). 

Noting 7^ 0, this implies that •y'^wy"'^ ■ 0^-0 (k-^oo). As F acts 

properly discontinuously, {7*^/17"*^} is a finite set, i.e. 7^727"^ = 1 for 
some k. Thus n = 1 which is a contradiction. 

(2) Suppose M"*"*"^ n F = Z which is generated by a null vector n, 
i.e. (n, n) = 0. Since F leaves Z invariant, taking a subgroup of index 2 
(if necessary), we may assume n = yny'^ = {XAn, I) for 7 = (a, AA) G 
F. This implies An = X~^n. 



Let {ii, 62, ... , Cm+i, im+2} be the basis on ]R™+^ such that 

{iljl) = {im+2, im+2) = 0, {ei,ej) = 6ij, {£i,ira+2) = 1- 

The subgroup Sim(M"') of 0(m + 1,1) has the form with respect to the 
above basis: 



(2.6) Sim(I 



A 



,-1 A|x|2 \ 

A X — — 2 — 

B -XB^x 

A / 



A G R+, 
B G 0(m) 

X e M™. 



See [I5] for details. We may take n for the null vector ii. Since An 
X~^n, A has the form as in (12. 6p . Then we can write 



(2.7) 



7 = (a,AA) = ( 





•( 


02 






where ai G M, a2 G ]R™'+^ If we put ^(7) = (02 

XB 




X^B'x 

2 I ) e 



A^ 

..^ X^ B^x \ 

A(m + 1), then the matrix ( ^2 1 has no eigenvalue 1 so 

that p(7) has a fixed point y G M"^"*"^, i.e. p{^){y) = y. Conjugate T by 

^ ' , /) , it follows 



a translation t,. 



c 




(2.8) ty^t-' = ( 

where c = ai + (Ax, — A^|x|^/2) • ?/ G 



1 Ax -A2|x|V2 
XB -X^B^x 
A2 



When we consider the orbits of {ty7 ty } at the origin 
"^+2 (A; = 1,2,...), it follows 

j ~ I 



(2.9) 

On the other hand, noting tyUty^ = n, we put n 



t 




I)- 



c p 
Case I. - is rational, say -. Take the element ty'y'^t~^ -n^^ G t^FtT^. 
t q y y y y 

Then it follows 



(2.10) 



tyl't-y' ■ n-^ 



qc — pt 




8 

Since tyTt~^ acts freely on M"*"*"^, this shows ty^y'^t'^ ■n"^ = 1, and thus 
7"^ = ty^'nPty = . The hnear part of 7'^ is {XAY for 7 = (a, AA), so it 
follows {\AY = I. By the formula of (EZD, we obtain A^^ = 1. This is 
impossible because A < 1 for the element 7. 

c ii c 

Case II. - is irrational. Let lim — = -, equivalently there exist 
t j-s-oo rrii t 

integers mi,£i such that niiC — iit^O (2— j-oo). Take a sequence of 

elements {ty^"^*t~^ ■ n"^' i = 1,2,...} in tyVt~^ and evaluate at the 

origin: 

(2.11) *.7"V-"-'-(o) = ("'V'')^(o) 

By properness of tyTt'^, {ty'y"^^ty^ ■ n~^^} is a finite set, say ty'y"^H~^ ■ 
n~^' = ty'j"^H~^ ■ n~^^ for some As ty and n commute, it follows 

Again the formula of fl2.7p implies A^™ = 1 which is impossible for 
7= (a,AA). 

As a consequence, q{T) = {1} in (12. 5p . 

□ 



3. LORENTZIAN FLAT SeIFERT MANIFOLDS 

Let M = ]R™+^/r be a compact complete Lorentzian similarity man- 
ifold. It follows from Proposition 12.41 that F fl M'""'"^ is nontrivial, say 
Z'^. Then F normalizes its span M'^ of Z'^ in M™+^. As M'^ acts properly 
on 



(3.1 



i™"*"^ as translations, we have an equivariant principal bundle: 

I (Z^M'=) > (F,M"^+2) — ^ ((5,M^) 



where i = m - 
has the form: 



2 - A; and Q = F/Z^'. In this case each element 7 of F 



(3.2) 
where 

(3.3) K7) 

If we put 
(3.4) 





a 






7 = ( 


b 


'(0 





Q , AeGL{k,Z),B eGL{i,R). 



p{u{j)) = {b,B)eA{i), 
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then it is easy to see that p : Q^A{i) is a well-defined homomorphism. 
The quotient group Q acts on through p: 

a ■ w = p{iy{'y))w (i^i'y) = a G Q,w G M^.) 
Recall the following lemma (cf. [TT]). 

Lemma 3.1. The group p{Q) is a properly discontinuous affine action 
on such that 

• Ker p is a finite subgroup. 

• M^/ p{Q) is a compact affine orbifold. 

Proof. We show that Q acts properly discontinuously. Consider the 
pushout: 

1 > il" \ r Q > 1 

1 > M'^ > R-r — ^ Q > 1. 

As both and V act freely and properly on M™+2 with jl} = 
it follows that M^' ■ T acts properly on Since M*^^M"+2 

is a principal bundle, choose a continuous section s : M^— )-]R'"+^ of z/. 
Let {ajjieN be a sequence of Q such that 

ttj ■ Wj— Wi^w (i->oo). 

Choose a sequence {7i}ieN from F such that i^(7i) = Oj. As 

i^(7is(u7j)) = ai-Wi = u{s{aiWi)), 

there is a sequence {tjjieN < IR'' such that 

tais{wi) = s{aiWi), s{ai ■ Wi)^s{z), s{wi)^s{w). 

Since M.^ ■ F acts properly on there is an element (7 G M'^ ■ F 

such that ti'ji^g and so ai = i'{ti'~^i)^u{g) G F. Thus Q acts properly 
discontinuously on M^. 

We check that Kerp is finite. Let 1— >-Fi— >-Ker p— )■! be the in- 
duced extension by the inclusion Kerp < Q. Then Fi acts invariantly 
in the inverse image Ml' = u~^{pt). As F acts freely and properly, the 
quotient M'^/Fi is a closed submanifold in M. Since M.^/Z^ = T'^ covers 
MVri, Kerp is finite. 

□ 

By the definition [IT], we obtain 

Proposition 3.2. T^^M — / p{Q) is an infective Seifert fiber space 
with typical fiber a torus and exceptional fiber a euclidean space form 
T^/F. 
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In [8] Fried has found all simply transitive Lie group actions on 
4- dimensional Lorentzian flat space which applied to classify 4- 
dimensional compact (complete) Lorentzian flat manifolds M up to a 
finite cover. As a consequence, M is finitely covered by a solvmanifold. 

We take a different approach to determine 4-dimensional compact 
complete Lorentzian fiat manifolds M from the existence of causal ac- 
tions. 

Definition 3.3. A circle {respectively M) is a causal action on M 
if the vector field induced by {respectively R) is causal {timelike, 
spacelike or lightlike) vector field on M. Compare [13] . 

We have the following result which occurs particularly in dimension 
4 but not in general. 

Proposition 3.4. The fundamental group T of a compact complete 
Lorentzian flat manifold M has a finite index subgroup which contains 
a central translation subgroup. In particular, some finite cover of M 
admits a causal circle action. 

Proof. Let Z'^ = F fl which is a nontrivial translation subgroup by 
Proposition 12.41 If /c = 1, then Z is central in a subgroup of finite index 
in F. 

Case 1. Suppose that = F fl M'' (which is maximal). Let 

G = >^ (M^ X (S0(2) X M+)) 

be the maximal connected solvable Lie subgroup of E(3, 1). (See the 
proof of (2) of Proposition 12.21 ) Then F lies in the following exact 
sequences up to finite index: 

1 > > E(3,l) — ^ 0(3,1) > 1 



MP 



1 



1 



(3.5) 1 y z2 y r — ^ L(r) 

MP MP 

1 > R4 > G M? X (S0(2) X 

Here /^p is the conjugate homomorphism by some matrix P G GL(4, 
For 7 e F, we write 

(3.6) 

so that -^(7) ~ ^ [| ^ 
L(F)-^Aut(Z2) is given by 

0(L(7)) = Ae GL(2,Z). 











7 = ( 


a2 







The conjugation homomorphism 
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As L{r) is a free abelian group of rank 2, 0(L(r)) belongs to A or 
up to conjugacy where SL(2,M) = KAN. Since GL(2,Z) is discrete, 
0(L(r)) is isomorphic to Z, and so Ker0 = Z. Choose a generator 70 
from Ker0 and 7 G F for which 0(L(7)) generates 0(L(r)). Note 70,7 
and Z^ generate F. 

Recall the homomorphism p : L(r)— 7'A(2) defined by p{L{'-f)) = 
{a2,B) from (13. 4p . Since p(L(r)) is a properly discontinuous action 
of A(2) with compact quotient, the holonomy group of p{L(T)) is a 
unipotent subgroup of GL(2,M). In particular, each B has two eigen- 
values 1 and so L{'y) has at least two eigenvalues 1. From (13. 5p . 
pp{L{T)) < R2 X (S0(2) X M+) for which 



/ A-i X -A|x|V2 \ 
(3.7) /ip(L(7)) = PL(7)P-1 = T -AT*x 

\ A / 

where T G S0(2). Since L{r) is a free abelian group of rank 2, it 
follows either Pp{L{T)) < or Pp{L{T)) < S0(2) x M+. 
If /ip(i:(r)) < S0(2) X M+, applying 70 G Ker0, 



As 0(L(7o)) = A = J in this case, ^(70) has all eigenvalues 1. (13.81) 
shows A = 1, T = J. Hence PL{-fo)P~^ = I or L(7o) = /. So 
7o G FnM^ which contradicts a maximality of the translation subgroup 
Z^. It then follows pp{L(T)) < M^. In this case 



Then A of (13.61) has two eigenvalues 1 so [7, Z^] = {A — 1)1? has rank 
less than 2. Hence there is an element m G Z^ such that [7,m] = 1. 
As 0(70) = 1, 7o?Ti7o'^ = Hence m is a central element of F fl M^. 

Case 2. Suppose that 1? = FflM^. There is an induced affine action 
p : L(F)— ;'A(1) in this case so that p(L(F)) consists of a translation 
group up to finite index. As above we obtain 



(3.8) 




(3.9) 




1 X -|x|V2 
/ -^x 
1 




(3.10) 




where A G GL(3, Z). Since ^^(7) has the eigenvalue 1, in view of (13. 7p . 
it follows either T = J or A = l. UT = I, A has at least one eigenvalue 
1. As F = Z'^ X Z, it follows Rank [7, Z"^] < 3. Again there exists an 
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element n such that 7727 ^ = n. Hence n is a central element in 

r. 



Let Z be a central translation subgroup of F. Put Q = F/Z. As 
every element 7 G F has the form 



Although Z is not necessarily equal to F fl M^, it can be easily checked 
that ip : Q— >-A(3) is a properly discontinuous action such that M.^/ip{Q) 
is compact and Ker ip is finite as in Lemma 13.11 If M is the span of Z 
in M^, then M is causal on M^. 

Proposition 3.5. Every compact complete Lotentzian flat 4-manifold 
admits a causal circle bundle M in its finite cover. 

(i) is a timelike circle. M = T"^ = x where is a 
Riemannian flat torus. 

(ii) IS a spacelike circle. (1) M = S^xT\ (2) M = S^x^^yA. 
(3) M = X TZ/tx. Each dimensional factor is a Lorentzian 
flat manifold. 

(iii) IS a lightlike circle. M = S^xAf^/A where S^^M — yS^xT'^ 
is a nontrivial principal bundle over the affine torus with euler 
number G Z. Moreover, is spacelike so M coincides with 
(2) of case (ii) . 

Proof. According to whether M is timelike or spacelike, we see that the 
induced action is Euclidean (p : Q^E{3) or Lorenztian ip : Q^E{2, 1) 
respectively. Moreover, we have a decomposition = M x M'^ with 
respect to the Lorentz inner product. Then the formula of (13. 6p be- 
comes: 



For Lp{Q) < E(3), it follows Lp{Q) < up to finite index by the Bieber- 



□ 



(3.11) 




where B G GL(3,M), there is an induced action 

y.:g^A(3), ^{^) = ib,B). 



(3.12) 




bach Theorem and hence 7 = ( 
This shows (i). 



a 



I). As a consequence, F < M'^. 



b 



For (p{Q) < E(2, 1), we assume (p{Q) is torsionfree. It is known that 
a compact Lorentzian fiat 3-manifold M.^/ip{Q) is T^, a Heisenberg nil- 
manifold A/"/ A or a solvmanifold TZ/n. (For example, [9], [15].) When 
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^/ip{Q) = A/'/A, the center M of TV" is the translation subgroup con- 
^ bi ^ 

). The corresponding subgroup A in F belongs to 



sisting of ( 








the translation subgroup 



a 
bi 





/)). It is easy to see that A is a 



central subgroup of rank 2. 
On the other hand, there are two isomorphism classes of 4-dimensional 
(compact) nilmanifolds which are Nil^/F or x jV/A. They are char- 
acterized as whether the center C(Nil'') = M or C{R x Af) = 
(See [21] for the classification of 4-dimensional Riemannian geometric 
manifolds in the sense of Thurston, Kulkarni.) By this classification, 
MVr = X Af/A. 

When M.^/(p{Q) = TZ/tt, it follows that [tt, tt] = Z^. As Z < T is cen- 
tral, it implies [r,r] = Z^. By the classification [2T] of 4-dimensional 
solvmanifolds, the universal covering group G is either one of solv- 



able Lie groups of Inoue type Sol^ 
Sol^„ = X R [m ^ n), R X n {m = 
or R^ except for RxTZ. As [G, G] = [7^, 7^] 

M7r = s^x n/TT. 



AT X M, Sol 







K" X K, or 
n). Therefore [G,G] = Af 
= R2 for M X 7^, we obtain 



We treat the last case that R is lightlike. By an ad-hoc argument or 
using the result of [8], it is shown that F is nilpotent with RankC(r) = 
2. So M^/r = X A/'/A again. The universal cover Rx A/" is isomorphic 
to the semidirect product of the translation subgroup R^ with R; 



a 
b 
c 




zf. 
2 


t 



( \ t ^ \ 

1 -t 

1 

\ 1 y 



Hence the lightlike action 



central group R 





c 




a 






lies in M and there is another 



which constitutes a principal bundle and its 
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quotient: 

M^R X U — X 

As [A, A] = A;Z (V A; G Z), S^^7V/A — ^T^ is a circle bundle with euler 
number G Z. 

□ 

Remark 3.6. For the last case, the translation group is the same = 
M"^ X but M has other possibilities: 



6 


2 
t 

2 



/lot 

1 

1 

\ 

I I t t 

1 

1 

\ 



1 



^ \ 

2 

-t 
-t 

1 / 



4. CONFORMALLY FLAT LORENTZIAN MANIFOLD 

Recall that the stabilizer of PO(m + 2, 2) at the point do G 5"^+^'^ 
is isomorphic to 



PO(m + 2,2), 



i)m+2 



X (0(m + 1, 1) X M+) = SimL(M"'+2). 



Since a maximal amenable subgroup of 0(m + 1, 1) is isomorphic to 
0(m + 1, l)oo or 0(m + 1, l)o, a maximal amenable Lie subgroup of 
PO(m + 2, 2) is isomorphic to either one of the following groups: 



(4.1) 



(i) M'"+2 >^ (Sim(R™) X Z2) X 1 

(ii) (o(m + 1) X Z2) X 



Definition 4.1. m + 2 -manifold is said to be a Lorentzian parabolic 
manifold if it admits a Sim(]R™) x 'R'^ -structure. 

As to Case (ii), we have 

Proposition 4.2. Let M be an m+2- dimensional compact conformally 
flat Lorentzian manifold whose holonomy group belongs to G = M*""*"^ x 
{0{m-\- 1) X Z2) X M.~^ . Then M is finitely covered by the Lorentz model 
gi X ^ Hopf mamfold 5"^+^ x S\ or a torus T"*+^ 
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Proof. There exists a developing pair: 

(Pop,Podev) : (7ri(M),M)^(0(m + 2,2)~,M X 5'"+^) 

^(PO(m + 2,2),5"^+^'i). 

By the hypothesis, T = P o p(7ri(M)) < G. If F is a finite subgroup, it 
follows r < 0{m+l)x'L2 so that Podev : M^S"^~^^'^ is a covering map. 
Thus (p,dev) : (vri (M),M) — ^(p(7ri(M)), R x 5""+^) is an equivariant 
diffeomorphism. There is a group extension 1— t-Z— 7'p(7ri(M)) — ^-F— t-I 
associated to the covering of M x ^™+7Z = 5™+^'^ Then M is diffeo- 
morphic to M x ^"^+7^(711 (M)) = S'^+^'^/T. 

Suppose that F is infinite. Recall the equivariant embedding of 
(SimL(M™+2)^^m+2) i^^Q (PO(m + 2,2),5™+i'i) in which M'"+2 is a 

dense open subset in 5'"*'^^'^. The complement W = 5"™^^'^ — M™"*"^ 
consists of the hypersurface. (See [1].) Put Dev = P o dev and 

(4.3) X = M -Bey-^W). 
Then the developing pair reduces: 

(4.4) ($, Dev) : (vr, X)^(F, R'"+2) 

where F < G. Here we put tt = 7ri(Af), $ = Pop. Since 0(?ti+1)xZ2 < 
0{m + 2), X/vr is endowed with the usual similarity structure. 

Case 1. If X is geodesically complete with respect to the pull-back 
metric of the standard euclidean metric on M*""*"^, then Dev is a covering 
map of X onto M™+2 and so Dev is a diffeomorphism. Thus F acts 
properly discontinuously on ]R'"+^ so that F < M™"''^ x {0{m + l) x Z2), 
i.e. there is no component in M"^. X/T is diffeomorphic to a euclidean 
space form M™+VF. Since M"*+2 ig dense in 3""+^'^, if M - X ^ 0, 
then Dev : M — X— )-Dev(M — X) is a homeomorphism. Then F acts 
properly discontinuously on Dev(M — X) C W. Let A = Dev(M — X). 
Since A is a F-invariant closed subset (and so compact), every orbit 
F ■ X for each x E A has an accumulation point in A, so F cannot act 
properly on A. Therefore, A = Dev(M — X) = or M = X. Thus M 
is diffeomorphic to a compact euclidean space form R'""'"^/F. 

Hence M is finitely covered by an m + 2 -torus T"*+2 = ^m+2^j^m+2_ 

Case 2. Suppose that a similarity manifold X is not (geodesically) 
complete. It follows from Fried's theorem [7] that there exists a F- 
invariant closed (affine) subspace / in R™'"'"^ which lies outside the de- 
veloping image Dev(X). (Note that a similarity manifold X/tt is not 
necessarily compact.) In this case, some element of F has nontrivial 
R^-summand in G = R™"*"^ x {0{m + l) x Z2 x R+). After conjugation 
by such element we may assume G /. 
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Put the vector subspace J = in M™-"^^ (£ < m + 2). Since I is 
closed, the closure T < G leaves the complement ]R'"+^ — invariant. 
This implies 

f < X (0(0 X M+) X 0(m - £ + 1) < G 
(4.5) Sim(M^) X 0(m -£+ 1) 

n 

P0(£+ 1,1) X 0(m-^ + 2). 

Using the real hyperbolic geometry (PO(m + 3, 1), S'"^"''^), it can be 
viewed as 

_ ^ _ = x 

The subgroup of P0(m+3, 1) preserving this complement is isomorphic 
to P0(£+1, 1) X 0(m-£ + 2). Thus x ^"^-^+1 = M'"+2_k^ admits 
a complete Riemannian metric which is invariant under this transitive 
group of isometries. In particular any closed subgroup acts properly 
on R'"+2 - M}. 

Lemma 4.3 (Covering property). X admits a % -invariant Riemannian 
metric such that Dev : X^W^^'^ — M.^ is a covering map. 

Proof. As Dev(X) lies outside / = M^, it restricts the developing image 
Dev : X^M"^+2 - M^. Since P acts properly on M™+2 _ choose a P- 
invariant Riemannian metric on R"*"*"^ — such that Dev : X^W^^'^ — 
R^ is a local isometry with respect to the pullback metric of R*""*"^ — R^. 
Let P : M— )-M be the covering projection. As the pullback metric on 
X is TT-invariant, the (restricted) projection P : X^X/tt induces a 
Riemannian metric on X/ ir. 

Let {xj} be a Cauchy sequence in X/n. Since X/n C M which is 
compact, lim Xj = w & M. Choose a point w & M and neighborhoods 

U{w) C M, U{w) C M such that P : U{w)^U{w) is a homeomor- 
phism with P{w) = w. Let {xj} C U{w) be a sequence such that 
P{xj) = Xj and lim Xj = w. As P: U{w)nX^U{w)nX/'7i is an isom- 

etry, {xj} is also Cauchy. Since the sequence {Dev(xj)} is Cauchy in 
R"^+2-R^ where R^+^-R^ is complete, lim Dev(x.) = a G R'^+^-R^ 

As lim Xj = w, Dev(w) = a. So w E X (because M — X = Dev~^{W) 

and a ^ W = 8""+^'^ - R'^+2) ^nd hence P{w) = w E X/n, X/n is 
complete. So X is complete, Dev : X— >R"*~^^ — R^ is a covering map. 

□ 
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The proof of Lemma 14.31 works when is replaced by the following 
space Y. 

Proposition 4.4. Let Y be a T -invariant closed subset such that the 
complement M."^'^'^ — Y admits a T -invariant complete Riemannian met- 
ric. If (\l/,Dev) : {n, X)^(r,W^~^'^ ~ is a developing pair, then 
Dev : X— j-M™"''^ — Y is a covering map. 

From Lemma |473| ii i ^ m, Dev : X— j-M™"^^— is a homeomorphism 
so r is discrete. If we recall that F has a nontrivial summand in M"*" 
(Case (2)), (03]) implies 

(4.6) F < O(^) X R+ X 0{m -£+!)< 0{m + 2) x M+. 



If £ = m, then Dev : _ ^ jjm+i x is a cover- 

ing map such that F < Sim(]R'") x 0(1) by Lemma 14.31 Let p : 

H^+^ X Mi^e™+^ X be the projection. If : X^e™+^ x 
is a lift of Dev, then it is a diffeomorphism so that the conjugate group 

F = Dev OTTO Dev acts properly discontinuously on H^"''^ x M}. More- 
over, associated with the infinite covering of H^+^ X S\ there is the 
commutative diagram: 

1 > Z > Sim(M'") X (Z 0(1)) ^ Sim(M'") x 0(1) > 1 

1 1 

f — ^ r > 1 

Since F is discrete and has a nontrivial summand in (because so 
is F), it follows f < 0(m) X R+ X (Z X 0(1)) which shows 

(4.7) F < 0(m) X M+ X 0(1) < 0(m + 2) X M+. 

For both of dM]), dOD, T fixes such that the complement M™+2 - 
{0} = S'™'"'"^ X M"*" admits a complete Riemannian metric invariant under 
0(m+2)xM+. Applying Proposition|131 ($,Dev) : (vr, X)-^ (F, ]R'"+2_ 
{0}) is an equivariant covering map. Hence Dev : X— ^■M'""'"^ — {0} 
is a diffeomorphism. On the other hand, we can show that A = 
Dev(M-X) = as in the argument of Case 1, Dev : M->R"'+'^ - {0} 
is a diffeomorphism. Hence M is finitely covered by a Hopf manifold 
5^+1x5^ In fact, M = M^+^^-jOj/F = S"''+^xR+/T = 5™+^ x ^V^^ 
where F is a finite group of (O(^) x Z2) x acting freely. 

□ 

Theorem 4.5. Let M be an m + 2-dimensional compact conformally 
flat Lorentzian manifold whose holonomy group is a virtually solvable 
subgroup lying in Sim.LiW^'^'^) . Then M is either a conformally flat 
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Lorentzian parabolic manifold or finitely covered by the Lorentz model 
X 8""+^ a Hopf manifold 8""+^ x S^, or a torus T"'+2. 

Proof. Given a compact conformally flat Lorentzian (m + 2)-manifold 
M, there exists a developing pair 

(Pop,Podev) : (7ri(M),M)^(0(m + 2,2)~,R X 3""+^) 
^^■^^ ^(PO(m + 2,2),^'"+^'^). 

Denote Aut{T^S"^~^^'^) the automorphism group of T^S"^'^^'^ where 
Tdb^'"+^'^ is the tangent space of S""^^'^ at do. Let L : Simi(M"*+2) = 
P0(m + 2, 2)rfo— )■ 0(m + 1, 1) x M"*" be the projection as before such that 
0(m + 1, 1) X M+ < Aut(roo^"'+^'^). As r = P o p(7ri(M)) is virtually 
solvable in Simi(]R'""'"^), there are two possibilities (i), (ii) as in (14. ip . 
i.e. the structure group L{r) belongs to either Sim(M™) x Z2 x or 
0(m + 1) X Z2 X M+. By Definition O (cf. |I5]), the case (i) implies 
that M is a conformally fiat Lorentzian parabolic manifold. For the 
case (ii), it follows T < R"'+^ x (0(m + 1) x Z2) x M+. Hence the 
assertion follows from Proposition 14.21 

□ 

Remark 4.6. We collect several remarks and problems. 

(i) If M is a compact Lorentzian similarity manifold with virtually 
solvable holonomy group, then it is easy to see that M is either a 
Lorentzian parabolic similarity manifold, a euclidean space form 
or a Hopf manifold. 

(ii) As a compact Lorentzian flat manifold is complete by Carriere's 
celebrated theorem [3], it is a Lorentzian parabolic similarity 
manifold by the definition. 

(iii) There is a compact incomplete Lorentzian similarity m + 2- 
manifold whose fundamental group is isomorphic toYxZ where 
r is a torsionfree discrete cocompact isometry subgroup of the 
hyperboloidW^'^^ . In particular, the virtual solvability of tii^M) 
does not follow from compactness for a Lorentzian similarity 
manifold M . 

(iv) Let M be a compact Lorentzian parabolic similarity manifold 
with virtually solvable holonomy group. Is M complete? We 
don't know whether there exists a compact Lorentzian parabolic 
similarity manifold other than compact Lorentzian flat mani- 
folds. See Corollary \ 6.3\ for compact Fefferman- Lorentz para- 
bolic similarity manifold. 

For (iii), this is easily obtained by taking the interior of the cone in 
]^m+2 yjfij^Qfi ig identified with the product x M"*" on which the 

holonomy group 0('^ + 1, 1) x acts transitively. 
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5. Fefferman-Lorentz parabolic structure 

Let Z2 be the subgroup of the center in U(n + 1, 1). Put U(n + 

1, 1) = U(ra + 1, 1) /Z2. The inclusion U(ra + 1, l)^0(2n + 2, 2) defines 

a natural embedding U(n + 1, l)—)'P0(2n + 2, 2). Then U(n+ 1, 1) acts 

transitively on 5'^"+i.i so that (U(7i + 1, 1), S*^""*"^'-"^) is a subgeometry 
of (PO(2n + 2,2),^2n+i,i), 

As in Introduction, a conformally fiat Fefferman-Lorentz parabolic 
manifold M is a 2n + 2 -dimensional smooth manifold locally modelled 
on the geometry (U(n + 1,1), 5*^ x 5'^"+^). See [15] for details. We 
observe which subgroup in Simi(M^"+^) corresponds to conformally 
flat Fefferman-Lorentz parabolic structure. Let q : 5'2"+i.i_!.5'2n+i 
the projection and {00} the infinity point of S^"''^^'^ which maps to 
{00} of S'^"'+\ As a spherical Ci?- manifold, ^^n+i _ jcc} is identified 
with the Heisenberg Lie group A/". Since the stabilizer is 

P0(2n + 2, 2)00 = X (0(2n + 1, 1) x M+) = SimL(M2"+2)^ 

the intersection l]{n + 1, 1) fl P0(2?t, + 2, 2)ob becomes 
U(n + 1, l)db = A/" X (U(n) X 
Noting Sim*(M2") = ^ (o(2n) x M*) < 0(2n + 1, 1), it follows 
Af X (U(n) X R+) < M2"+2 ^ (Sim*(M2") x M+) 

where M^^+s ^ ]a2n -g ^ nilpotent Lie group such that X < M^"+^ x M^'^. 
We have shown in [15] (Compare [6].) 

Theorem 5.1. A Fefferman-Lorentz manifold x N is conformally 
flat if and only if N is a spherical C R-manifold. 

Note that 5*^ acts as lightlike isometrics on Fefferman-Lorentz man- 
ifolds 5^ X A^ so does its lift M on M x A^. If (U(ra + 1, 1)~, M x 

5'^"+^) is an infinite covering of (U(r;, + 1, 1), S*^""*^^'^), then the subgroup 
M X (A" X U(r?,)) of U(r?, + 1, 1)" acts transitively on the complement 
M X 5'2"+i — M.c)o = ]RxA/'. IfZxAisa discrete cocompact subgroup 
of M X (A" X U(n)), then we obtain (cf. [T5] ) 

Proposition 5.2. x A'/A is a conformally flat Lorentzian parabolic 
manifold on which acts as lightlike isometrics. 

Remark 5.3. In (iii) of Proposition [XJj we saw that a finite cover of 
a compact (complete) Lotentzian flat A-manifold admitting a lightlike 
circle is the nilmanifold x J^^/A with nontrivial circle bundle 
S^^S^ X A/^/A^S^ X T^. The circle acts as spacelike isometrics. 
Therefore, the A-nilmanifold S-^ x / A of Proposition [Ql is not con- 
formal to a Lorentzian flat manifold. In fact, if it admits a Lorentzian 
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flat structure within the conformal class, would be spacelike as above. 
But is still lightlike under the conformal change of the Lorentzian 
metric, being contradiction. 

6. Developing maps 

Suppose that M is a 2n + 2- dimensional conformally flat Fefferman- 
Lorentz parabolic manifold. There is a developing pair: 

(6.1) (p, dev) : (tt, M)->(U(n + 1, 1)~, 3^''+^''). 

Let 

q :(U(n + 1, 1)~, ^2n+i,i)_^(u(n + 1, 1), 
p :(U(n + 1, 1), 52"+i'i)^(PU(n + 1, 1), 3^''+^) 



(6.2) 



be the equivariant projections. Let F = p(7r) be the holonomy group 
of M as before. There is a central group extension: 



(6.3) l^M^U(r2 + l,l)~ ^PU(n + 1,1)^1. 

Theorem 6.1. Let M be a compact conformally flat Fefferman-Lorentz 
parabolic manifold in dimension 2n + 2. Suppose that the holonomy 
group r is discrete. If the developing map dev : M^3'^'^^^'^ = M x 
^2n+i ^igg^g (I closed subset which is invariant under M and T, then 
dev is a covering map onto the image. 

Proof. Let A be both M and F-invariant closed subset such that dev(M) C 

I. Suppose that po q{A) contains more than one point in 3'^^'^^. Let 
L(G) be the limit set for a hyperbolic group G (cf. [5]). As p o g(A) 
is invariant under p o g(F), Minimality of limit set implies that L(p o 
g(F)) C po q{A). In particular, {p o q)-^{l{p o g(F))) C M • A = A. It 
follows 

(6.4) dev : M^^^n+i,! _ ^ q)-\l{p o g(F))). 

(i) If p o g(F) is discrete, then p o g(F) acts properly discontinu- 
ously on the domain of discontinuity S'^""^^ — p o g(A). It is easy to 
see that the closure F < U(n + 1, 1)~ acts properly on 5'2n+i,i _ ^ 
Since F is discrete by the hypothesis, F acts properly discontinuously 
on 5'2"+i>i _ ^ go there exists a F-invariant Riemannian metric. (Com- 
pare [IE] for instance.) As dev : M— ^■S'^""'"^'^ — A is an immersion, the 
puUback metric by dev is a vr-invariant Riemannian metric on M. Thus 
dev : M— )-S'^"^^'^ — A is a covering map. 
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We have a commutative diagram of group extensions from (16. 3p : 

1 > R > U(n + l,l)^ PU(n + l,l) > 1 

(6.5) II I 

1 > R > R-T poq(r) > 1 

Here M ■ F is the pushout. 

(ii) Suppose that poq(T) is not discrete, then the identity component 

of the closure p o g(r) is solvable by Bieberbach-Auslander's theorem 

[20} 8.24 Theorem]. We may assume that po q(r) is noncompact, so 
it follows up to conjugacy 

poq{Tf < PU(n + 1, l)oo = A/" X (U(n) X R+). 

As the normalizer of p o g(r) is also contained in A/" x (U(n) x R'^), 
we have p o q(T) < A/" x (U(n) x IR+). Hence (16.51) shows that T < 
M ■ A/" X (U(n) X R+). If we note that M"*" acts as the multiplication 

A(a, z) = (A^ ■ a, \ ■ z) 

for A G M"*", (a, z) E Af (cf. [12]). Since F is discrete, it is easy to check 

r < R X (U(n) X R^) when r is nontrivial inR"*", otherwise 
^^'^^ r < R-A/" X U(n). 

Then it follows that L(pog(r)) C L(U(n) x R+) = {0, oo}, L(pog(r)) C 
L(7V X U(n)) = {oo} respectively. Thus (p o g)-^(L(p o q{T))) = R ■ 
{0, oo}, {p o g)~^(L(p o g(r))) = R ■ {oo} respectively. We obtain 

• dev : M^52"+i'i - R ■ {0, oo} = R x (5^" x R+) which is a 
diffeomorphism. M is diffeomorphic to R x (S*^" x R"'')/r and 
so M is finitely covered by S-^ x 5^" x 5*^ 

• dev : M^^2n+l,l _ ^ . ^ ^ ^ (^2n+l _ 1^1) = X AT 

which is a diffeomorphism. M is diffeomorphic to R x A/'/F so 
that M is finitely covered hj x JV / A. 

In the first case, it follows p o g(A) = {0,oo}. For the second case, 
p o g(A) = {oo} which is excluded by the assumption of Case I. 

II. Suppose that pog(A) consists of a single point, say {oo} G S*^""*"^. 
As A = R ■ oo, it follows dev : M^S^^+^'i - R ■ {oo} = R x A/". Since 
p o g(F) fixes {oo}, p o g(F) < PU(n + 1, l)oo = A/" x (U(r2) x R+). As 
in the argument of (ii), it follows either (1) F < R ■ A/" x \]{n) or (2) 
F < R X (U(n) X R+) (cf. (KQ\i ). 
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For (1), MxA/" admits an M ■ A/" xU(n) -invariant Riemannian metric so 
dev : M— >R x A/" is a diffeomorphism. Note that M is diffeomorphic to 
M X A/'/r whose finite cover x J^/A is a conformally fiat Lorentzian 
parabohc manifold with virtually nilpotent fundamental group. 

Suppose (2) where T < M x (U(n) x M+). As M x (U(n) x M+) leaves 
M X {0} invariant, put X = M — dev~^(M x {0}) which is invariant 
under M x (U(n) x M"*"). This induces a developing map dev : X— >M x 
(A/" - {0}) = M X (^2n X Since M x (^^n ^ admits a complete 
Riemannian metric invariant under M x (U(n) x M"*"), the same proof 
of Proposition 14.41 implies that dev : X— j-M x (A/" — {0}) is a (covering) 
diffeomorphism. If dev"^(M x {0}) 7^ 0, then dev : M-^dev(M) C 
M X A/" is also a diffeomorphism. As F acts properly on M x A/", it 
follows dev(M) = M x A/". But F has cohomological dimension at most 
2, this cannot occur. Then dev~^(]R x {0}) = which concludes that 
dev : M— >M x (A/" — {0}) is a diffeomorphism. In this case p o q{A) = 
{00} C {0, 00}. This finishes the proof of the theorem. 

□ 

Remark 6.2. According to the casesl-{i), I-(ii), II-(l) andII-{2) , the 

following occurs: 

(a) dev : M— J-S'^""''"'^'^ — A is a covering map in which ^poq[A) > 2. 

(b) dev : M^S'^^'^^'^ — M • {0, 00} is a diffeomorphism in which 
pog(A) = {0,00}. 

(c) dev : M— J-S'^""'""^'"'^ — M ■ {00} is a diffeomorphism in which p o 
g(A) = {00} 

(d) dev : M^^2n+i,i _ R . {0, 00} = M x (A/" - {0}) is a diffeomor- 
phism in which p o g(A) = {00}. 

Corollary 6.3. There exists no 2n+2 -dimensional compact Fefferman- 
Lorentz parabolic similarity manifold with discrete holonomy group. 

Proof. Recall that there is an equivariant embedding of M™"^^ into 
S^+i'i with respect to Simi(M'"+2) = x (0(m + 1, 1) x M+) = 

PO(m + 2,2)d^: 



(6.7) L : {x,y)- 



'"''-^' -l,v/2x,v/2,, '"'^-^^ 



for X = (xi, • • • ,Xm+i) and |x| = ^y xj -\- ■ ■ ■ -\- x'^_^_i. For m = 2n, let 
do = [1,0,..., 0,1] e S^^^+i'i. (See [I2].) Then M2'^+2 misses do in 
52n+i,i_ Moreover, the orbit of (= SO(2))-action at do G ^^n+i.i 
becomes 



S*"*^ ■ do = { [cos 9, sin 6', 0, . . . , 0, — sin 9, cos 9] , 9 



E 
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In view of the formula (16. 7p , it follows 

^2n+2 ^ ^2n+l,l _ oo 
^^'^^ = S'/Z2 X (S^n+l _ 1^1) = S^ xAf. 

If we put X = — {oo}, then note 

(6.9) M2"+2 =xxj\f. 
Putting r = p(vr), the developing pair reduces: 

(6.10) (p, dev) : (vr, M)^(r, R=^"+2) C (U(n + 1, 1)~, RxM). 

Let g o dev : M— J-M^""*"^ be the developing map for which q{T) < 
U(n + 1,1). Then dev misses A = q~^{S^ ■ do) which is invariant under 
both r and M. In particular, p o g(A) = {oo}. As F is discrete in 
U(n + 1, 1)~ by the hypothesis, we can apply Theorem 16.11 to show 
that either (c) or {d) of Remark 16.21 occurs. 

According to (c) or (o?), it follows either F < M x {M x U(?7,)) or F < 
M X (U(n) X M+). However, F leaves M^""*"^ invariant. As the developing 
image is connected, we note by (16.91) that dev(M) cXxA/'cMxA/'. 
Here I is one of the components ZX C M. This implies F < A/" x U(n) 
or F < U(?7,) X M"*" respectively. Then (I6.10p becomes: 

(7r,M) (F,Xx AT) c (ATx U(n),Mx AT), 

(vr, M) (F,X X {N - {0})) C (U(n) x M+,X x x M+). 

It follows that M = X X A/'/F, or M = X x (5^" x 5VF) respectively. 
In each case, M cannot be compact. 

□ 

Remark 6.4. The hypothesis that F is discrete is used to eliminate 
Case II that the limit set consists of a single point. Concerned with the 
hypothesis on Theorem \ 6.1\ discreteness of the holonomy group and 
that A is ^.-invariant may he dropped. More generally we pose 

Conjecture 6.5. Civen a compact conformally fiat Lorentzian man- 
ifold, if a developing map is not surjective, then it is a covering map 
onto the image. 
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